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Abstract 
New base exchange properties of binary and graphic matroids are derived. The graphic 
matroids within the class of 4-connected binary matroids are characterized bybase exchange 
properties. Some progress with the characterization f arbitrary graphic matroids is made. 
Characterizing various types of matroids by base exchange properties i e.g. important in 
invariant theory. 
1. Introduction 
The base exchange properties of a matroid affect directly the structure of its bracket 
ring. In turn bracket rings are important ools in the modern treatment of classical 
invariant theory (see I-1,2,4,5,8] and the references therein). Besides the class of 
binary matroids, and the class of base orderable matroids, no other class of matroids 
has so far been characterized or defined by base exchange properties. Our main result 
is a characterization f graphic matroids among the class of 4-connected binary 
matroids. Let us give some more details. 
For a matroid M denote by &~ the family of all its bases. For any B, B' ~ ~M and 
x ~B let Sym(x,B,B') be the set of those y EB' which 'symmetrically' replace x. So 
Sym(x, B, B'):= {y E B' I (B - -x  + y )~t  and (B ' -y  + x)~M}.  Rota and Greene 
noticed that M is binary iff Sym(x, B, B') has odd cardinality for all B, B' ~ ~M and all 
x ~ B. A somewhat simpler base exchange property which holds in the class of binary 
matroids, but not in the class of all matroids, will be presented below. We conjecture 
that it characterizes binary matroids. Our main concern however are exchange 
properties which characterize graphic matroids. 
Let M be any matroid and x ~ B e ~M. Call (B, x) a special pair if I Sym(x, B, B')I = 1 
for all bases B' E ~M. If B is a base of a graphic matroid M, i.e. a spanning forest, then 
all 'endedges' x e B yield special pairs (B, x). This is easy to see, and follows from 
a more powerful result in [15]. For 4-connected graphs the endedges yield all the 
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special pairs. To what extent are graphic matroids characterized by the behaviour of 
their special pairs? Six properties of special pairs in graphic matroids are collected in 
Section 2. In Section 3 we conversely show that a binary matroid M satisfying these 
properties must indeed be graphic. The proof is based on a theorem of Welsh: Let 
M be a binary matroid on E and 6e ___ 2 e a family of cocircuits which generates the 
cocircuit space, and is such that each x • E is contained in exactly two S • 5 a. Then 
M is graphic and 6e is its family of 'stars' (all edges incident with a fixed vertex 
constitute a star). It turns out that a family Se ~ 2 E with the above features can be 
defined in terms of base exchange properties of special pairs. Hence, these base 
exchange properties are sufficient for a binary matroid to be graphic. For 4-connected 
binary matroids they are necessary as well. 
In the last section we propose to study 'locally' special pairs (B,x). Other than 
special pairs they behave nicely without any connectivity assumptions. We shall 
define a property involving locally special pairs, which carries over to minors, and 
holds in all graphic matroids. Unfortunately, it does not characterize graphic mat- 
roids, but it might be a first step in that direction. We conclude with some remarks on 
regular matroids. 
2. Some new base exchange properties of binary and graphic matroids 
There are only two classes of matroids which are defined by base exchange 
properties. Namely, a matroid M on E is base orderable if for all B, B' e ~u there is 
a bijection f :B  ~ B' such that (B - x +f (x ) )e~u and (B' - f (x )  + x )e~M for all 
x • B. It is strongly base orderable if f :B -~ B' can be chosen in such a way that 
( (B -  X )w f (X) )•~M and (B ' - f (X ) )  w X)ed~ u for all subsets X c_ B. (The latter 
matroids e.g. arise in an intriguing problem treated in [16].) The class of binary 
matroids which are (strongly) base orderable coincides with the class of graphic 
series-parallel matroids [14]. In the sequel, we tempt o characterize wider classes of 
binary matroids by base exchange properties. First we consider the class of all binary 
matroids, then we concentrate on graphic matroids. 
Let M be a matroid on E. For x • E and B • 9~u, let 
R(x ~ B):= {yeB l (B -  y + x)e~M} (1) 
be the set of those y • B which x replaces. We usually write x --. (B, y) for y • R(x ~ B), 
and x -h (B, y) if y ~ R(x ~ B). Finally, write (B, x) ~(B' ,  y) if both x ~ (B', y) and 
y ~ (B,x). Clearly, x eB implies R(x ~ B) = {x}. Otherwise R(x ~ B) = C(x,n) - {x} 
where C(x, B) is the fundamental circuit of x relative to B. Similarly, for x • B, let 
R(B, x):= {y • E I(B - x + y) e~M} (2) 
be the set of those y • E by which x is replaceable. One has R(B, x) = C*(x, B), where 
C*(x, B) is the fundamental circuit of x relative to the base E - B of the dual matroid 
M* [14, Lemma 4.2.1]. Consider the following property, which might or might not 
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hold in a matroid M on E: 
(VBe~t)(Vx, yeE)  R(x~B)=R(y~B)~x=y.  (3) 
It is easy to see that each binary matroid satisfies (3). Namely, one may assume that 
E ___ 7/~ and that B is the canonical base of Z~z. Then R(x ~ B)= supps(x):= 
{b eBl2b q: 0}, where x -- ~b~n)~bb. In the binary case suppB(x) = suppB(y) trivially 
implies x = y. Property (3) does not hold for all matroids; any k-linear matroid 
M(k ~ Zz) with a base B, such that supps(x)= suppB(y) for some x # y, yields 
a counterexample. Do all nonbinary k-linear matroids M admit a base B and elements 
x # y with supps(x) = suppB(y)? In other words, does (3) characterize binary matroids 
among coordinatizable matroids? 
Let M be a matroid. For B, B 'e  ~ and x e B, consider the set Sym(x, B, B') of all 
y e B' which simultaneously replace x, and are replaceable by x. Thus, 
Sym(x, B, B'):= R(B, x) ~ R(x ~ B) 
= {yeB ' I (B  - x + y), (B ' -  y + x) e,~M}. (4) 
As mentioned in the introduction, a matroid M is binary iff ISym(x, B, n')l is odd for 
all bases B, B' e ~M and x e B (see [ 15, Thm.2.2.1 ] for an elementary proof). Call a pair 
(B, x) (globally) special if x e B e ~M are such that [Sym(x, B, n')l = 1 for all B' e ~1~. 
For example (B, x) is special whenever x is an isthmus of M. But, for instance, no base 
B of the Fano matroid F 7 has a special element. In the remainder of this section we 
concentrate on graphic matroids and collect six properties of special pairs (B, x). The 
question in as much they characterize graphic matroids among binary matroids, is 
dealt with in Section 3. 
Let G be a connected graph with vertex set V and (undirected) edge set E. Then the 
bases B e~M of the polygon matroid M on E are the spanning trees of G. For any 
x = (a,b) eE  the set R(x ~ B) consists of the edges y of the unique path from a to b in 
the tree B. The cocircuits of M are the minimal edge cutsets of G. In particular, 
consider x = (a,b)cB.  Removal of x from B induces an obvious partition 
V = I/1 w V 2 with a e Vl,b E V 2. Then R(B,x) is a minimal cutset of edges, namely the 
set of all y e E which connect a vertex from V~ with a vertex from I"2. 
Let x = (a,b) be an endedge of B e~M with endvertex b (i.e. b is only adjacent o 
a in B). Then R(B,x )= star(b), where star(b) is the set of all y eE  incident with b. 
Let B 'e ,~ be arbitrary and set R(x~B' )= {(a, cl) . . . . .  (C k 1,¢k),(Ck, b)}. Then 
Sym(x, B, n') = star(b) n { (a, ct) . . . . .  (Ck, b) } = { (Ck, b) }. Thus, (B, x) is special for all 
endedges x e B. This observation is subsumed by [13, Theorem 9], which states that 
for each spanning tree B each set X := star(v)c~ B is exchangeable with a unique 
X' ___ B' for any other spanning tree B'. Otherwise [13] pursues a direction different 
from ours. 
Henceforth, we assume (for convenience, not by necessity) that the 2-connected 
components of all graphs considered are vertex-disjoint. The arising spanning forests 
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B then disclose formerly hidden endedges x. Since base exchange works compon- 
entwise, they still yield special pairs (B, x). Two special pairs (B,x) and (B',x) of 
a matroid M on E are covariant if y ~ (B,x) ,~y ~ (B',x) for all y EE. The special 
pairs (B, x) and (B', x) are contravariant if there is no y e E - {x} with y ~ (B, x) and 
y -+ (B', x). Note that 'contravariant' is not quite the negation of 'covariant' (but it is 
under the assumption of Lemma 3). The notation (B, x).~ (B', y) means x ~ (B', y) but 
y -/,(B,x). 
Lemma 1. Let G be a graph with polygon matroid M on its edge set E. 
(5) I f  x e E is a nonisthmus, then there are contravariant special pairs (B, x) and (B', x). 
(6) I f  y ~ (B, x) (y ~ x), then there is special (B', y) with (B', y) ~ (B, x). 
Proof. (5) By hypothesis x = (a, b) is contained in a nonsingleton 2-connected com- 
ponent G1 of G with vertex set V~. Choose a spanning tree Bx of the connected induced 
subgraph GI(V~ - {a}). Extend the spanning tree B~ u {x} of G~ to a spanning forest 
B of G. Then x is an endedge of B with endvertex a.Analogously, one gets a spanning 
forest B' of G with endedge x and endvertex b.Let y --- (c, d) be such that y ~ (B, x) and 
y ~ (B',x). The former forces a ~{c,d}, and the latter b e{c,d}, whence y = x. 
(6) From y ~ (B,x) and y ~ x follows that x = (a,b) is not an isthmus. We may 
assume that y = (c, d) where c is not incident with x. As in (5) there is a spanning forest 
B' of G with endedge and endvertex c. Hence x -~ (B', y). [] 
Recall that a graph G is n-(vertex)-connected if any removal of n - 1 vertices till 
leaves a connected graph. It is n-edge-connected if any removal of n - 1 edges leaves 
a connected graph. It is well known that 'n-connected =~ n-edge-connected' for all 
n/> 1 and that '2-connected ~-2-edge-connected'. 
Lemma 2. Let G be a 3-connected and 4-edge-connected graph (e.g. 4-connected). If 
(B, x) is special in the corresponding raphic matroid M, then x must be an endedge of B. 
Proof. Let B E ~'u and x = (a, b) e B be not an endedge. This guarantees that remov- 
ing x from the spanning tree B induces a partition V = I/1 u V2 of the vertex set with 
I Vd, IV21/> 2; say a e V1 and b e II2. We shall exhibit a spanning tree B' with distinct 
y, z e Sym(x, B, B'). This amounts to point out distinct y, z E R(B, x) - {x} such that 
x, y, z are contained in some circuit C of G (then any spanning tree B' extending 
C-  {x} does the job). 
Case 1: R(B,x) - {x} contains an edge y which is incident with x, say y = (a,e). 
Since the induced subgraph G(V-  {a, b})is connected, and since V1 - {a} # 0, there 
is some z e R(B, x) which is not incident with x. Since G( V - {a}) is 2-connected, there 
is a path P in G(V-  {a}) from b to c which contains in the edge z [6, p. 211]. Put 
c := Pro {x,y}. 
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Case 2: No edge yeR(B ,x ) -{x}  is incident with x. Then there are edges 
y, zeR(B ,x ) -  {x} which are not incident with each other (otherwise 
R(B ,x ) -  {x} = star(v) for some v e V, i.e. G(V-{a ,v})  would be disconnected). 
Thus, x, y, z are pairwise not incident, and (x, y, z} is not a cutset since G is 4-edge- 
connected. According to [10, p. 119] any such triplet {x, y, z} in a 3-connected graph 
G is contained in a circuit C. [2 
The following example shows that the condition '4-edge-connected' in Lemma 2 is 
necessary. The graph G of Fig. 1 is 3-connected but not 4-edge-connected. Consider 
the spanning tree B := {b, c, d, e, x}. We claim that (B, x) is special even though x e B is 
not an endedge. Assuming the converse, let B' be a spanning tree with distinct 
u,v ESym(x, B,B ' ) -  (x}. From {u,v} c R(B,x)= {x,y,z} follows {u,v} = (y,z}. But 
then {y, z} __q R(x ~ B') implies that G contains a circuit C with x, y, z e C. It is easily 
seen that such a C does not exist. 
Call a graph G special if x is an endedge of B for all special pairs (B, x). For instance 
each tree G is special (all 2-connected components being singletons), as well as all 
3-connected, 4-edge-connected graphs (Lemma 2). Are there other 'sporadic' special 
graphs? 
Lemma 3. Let G be a special graph with polygon matroid M on its edge set E. 
(7) If(B, x) is special and y -4 (B, x) then there is a special (B', y) with (B', y)~-~(B, x). 
(8) Let (Bi, xl) be special and y -~ (Bi, xi) (1 ~ i ~< 3). Then (Bi,xi).-~(Bi, xj) for some 
i~j. 
(9) Let (Bl,xl) and (BE, x2) be special with xl ~ x2 and y ~ (B1,x1)~,--~(BE, X2). Then 
y ~ (B2, x2). 
(10) Let (Bi,xi) and (B'i,xi) be covariant special pairs (1 ~< i ~< k/> 2) such that 
(B1,x1)'~(B'2, X2), (B2,x2).7(B'3,x3) . . . . .  (Bk,xk),~(B'l, x1). 
Then {xt ..... xk) is not contained in any base (i.e. dependent in M). 
Proof. (7) Since G is special, x = (a, b) must be an endedge of B. If its endvertex is b, 
then y -~ (B, x) implies y = (b, c). As in the proof of (5), there is a spanning forest B' of 
,, f 
Z 
w w 
Fig.  1. 
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G with endedge y and endvertex b; thus (B',y).-.(B, x). (8) Suppose that xi = (a, bi) 
where b~ is the endvertex of xi. From x ~ (B~, xl) follows that x is incident with all b~ 
(1 ~< i ~< 3). Hence, there are i :/:j with b~ = bj, which implies (B~,xi),,-~(Bi, xj). (9) The 
x~ = (a~, bi) are endedges of Bi, say with endvertices b~. From y ~ (BI, xl) follows 
y = (a, bl). From xl ~ x2 and (BI, XI)~-~(B2x2) follows bl = b2. Whence y -~ (B2, x2). 
(Note that the conclusion of (9) may fail for xl = x2.) (10) Again xi = (a, bi) is an 
endedge of B~ and of BI (1 ~< i ~< k). Let bl be the endvertex of xl in B1, and b 2 the 
endvertex of x2 in B~. From (BI,XI)~(B'E, X2) follows ax = bE and a2 ¢: bl. Thus, 
Xx and x2 are distinct edges, incident in al = b2. Since (B2, x2) is covariant to (B~, x2), 
the endvertex of x2 in B 2 is also b2. Thus, (B2, X2) ,~ (B~, x3) implies analogously that 
x2 and x3 are distinct edges incident in a 2 ---- b3, and so on. In view ofa k = bl it is clear 
that {xl ..... Xk} must contain circuits. 
3. Characterizing raphic matroids among 4-connected binary matroids by 
base exchange properties 
Let M be a binary matroid on the set E. The family :d*(M) _ 2 e of all disjoint 
unions of cocircuits of M is a 7/E-vector space where the sum of two sets X, Y • cg*(M) 
is their symmetric difference XA Y:---(X w Y ) -  (X c~ Y). The dimension of c£*(M) 
equals the rank of M (see [12]). 
Let V and E be the vertex, respectively, edge set of a graph G without isthmuses. As 
before assume that the 2-connected components of G are vertex-disjoint. Then it is 
easily seen that 9~:- - {star(v)[ v• V} has the following properties in the polygon 
matroid M: 
(i) Each S • 6# is a cocircuit of M, 
(ii) each x • E is contained in exactly two members of S:, 
(iii) if' generates the cocircuit space :d*(M). 
An interesting converse is established by a slight variation of I11, Theorem. 10]: Let 
M be a binary matroid on E and 9 ° ~ 2 E a family satisfying (i)-(iii). Then M is graphic 
without isthmuses, and there is a representing graph G(S:) whose family of stars 
coincides with ~.  Concerning the uniqueness of ~,  see the remarks after Theorem 6. 
Let M be a binary matroid on E. Call S_  E a quasistar of M if S = S(B,x) 
:= {y•E ly  --* (B,x)} for some special pair (B,x). Put 6a(M):= {S _~ E[S is a quasi- 
star}. We shall show that ~(M)  satisfies (i)-(iii), whenever M fulfils the exchange 
properties discussed in Section 2. 
Lemma 4. Let M be an isthmus-free binary matroid on E which satisfies (5), (7)-(9). 
Then each S e ~(M)  is a cocircuit, and each x • E is contained in exactly two members 
of g°(M). 
Proof. Let S(B,x) be a quasistar. By definition S(B,x) is a cocircuit iff 
H := E - S(B, x) is a maximal nongenerating set ( = hyperplane). Suppose there was 
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a base B' _~ H. Then there is a y • B' with y ~ (B, x), i.e. y • S(B, x). This contradiction 
shows that H is nongenerating. Pick any y •S(B,x). By (7) and (9) there is a special 
(B',y) with S(B,x) = S(B',y). Trivially, (B ' -  {y})c~ S(B',y) = 0. Hence B ' -  {y} ~_ H 
and H u {y} generates E. 
Because M has no isthmuses, each x e E is contained in at least two different 
quasistars by (5). Assume that x eSl  c~ $2 ~ Sa for distinct S1,$2,$3 •Se(M). 
Case 1: There is a xi • S~-  (Sj w Sk) for all permutations i,j, k of 1,2, 3. As seen 
before Si = S(B~, x~) for suitable special pairs (B~, x~). From x ~ (B~, x~) and (8) follows 
(B~,xO~--~(Bj, xj) for some i Cj.  This yields the contradiction x~ eSj. 
Case 2: W.l.o.g. $3 -~ S~ u $2. Being cocircuits, neither $3 ~ $1 nor $3 ~ Sz is 
possible. Whence there are xl•(S~ c~$3) -$2  and x2e(S2c~Sa) - $1. Let $3 = 
S(B,x) for some special (B,x). By (7) there are special (Bl,xl) and (Bz, x2) with 
(Bl,x~)~--,(B,x)~--~(B2,xz). From (9) follows x~ --* (Bz, x2), contradicting x~ ¢Sz. [] 
Lemma 5. Let M be an isthmus-free binary matroid on E satisfying (5) (10). Then 
5~(M) generates the cocircuit space :£*(M). 
Proof. Let B be a base of M. We view 5P(M) as the vertex set of a graph F with edge 
set B. Namely, distinct S, S' E 5:(M) are joined by an edge x E B iff x • S c~ S'. This 
definition makes sense by Lemma 4, since each x •B  is contained in exactly two 
quasistars. We claim that F is a forest without parallel edges. Suppose there were 
parallel edges xl 4:x2 between some vertces S and S', i.e. xt, x2 • S c~ S'. We know that 
S = {yly ~ (B'l ,x0} for a suitable special pair (B'bxl). From x2 ~ (B'bxO and (6) 
follows the existence of a special pair (BE, X2) with (BE, X2) ~ (B'I, X 1). By the same token 
there are special pairs (Bl,XO and (Bh, x2) with (BI ,x1)~(B'2,  x2). By (10) xl,x2 must 
be dependent, contradicting x~,x2 EB. More generally, suppose that xl . . . . .  XR•B 
were the edges of a cycle in F. An analogous argument, involving (6) and (10), forces 
again xl . . . . .  Xk to the dependent. Let I/1 . . . . .  Vt (t >~ 1) be the vertex sets of the 
connected components of our forest F. For all 1 ~ i ~ t pick a vertex S~ • V~. Since 
F has ]B[ edges, the set 5% := (I/1 - {S'~})u ... w (V, - {S't}) ~- 9°(M) has cardinality 
LBI. Because [BI is also the dimension of ~*(M), it suffices to show that 5Po _~ ~*(M) is 
independent. This follows from the fact that any set {Sl . . . . .  Sk} ~--5¢(M) with 
SIA...ASk = 0 must be a union of components V/. Indeed, say S1 • II1. Let S be 
a adjacent vertex in II1, say S1 c~ S ~ B = {x}. Then S = Si for some i, for otherwise 
x ~ S1A...ASk. Iterating this argument yields I/1 ~_ {S~ ... . .  Sk}. [] 
A matroid M on E is n-connected (n >>, 2) if r(E1) -4- r(E2) t> r(E) + (n - 1) for all 
partitions E = El ~ E2 with ]El], lEE[ >/ n -- I. Let M(E) be the polygon matroid on 
the edge set E of a graph G. If M(E) is n-connected then G is n-connected, and the 
converse holds whenever all circuits have cardinality >~ n [3, Theorem 3]. Let us spell 
out the above definition for n = 3, 4. 
M(E) is 3-connected lift(E1) + r(E2) >~ r(E) + 2 for all partitions E = E1 ~ E2 with 
[Eli, IE2I ~> 2; 
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M(E) is 4-connected iff r(E 0 + r(E2)/> r(E) + 3 for all partitions E = E1 w E 2 with 
JEll, [E21 >>- 3. 
Observe that a graph is n-edge connected iff the removal of any (n - 2) edges leaves 
a 2-(edge) connected graph. This prompts an ad hoc definition of n-edge connectedness 
for arbitrary matroids. As for graphs, one has 'n-connected' ~ 'n-edge connected'. In 
particular, compare the corresponding definitions for n = 4: 
M(E) is 4-edge connected iff r(E 0 + r(E2) 1> r(E1 w Ez) + 1 for all partitions 
E = El w E 2 ~3 E 3 with PEll >>- 1, IEzl t> 1, IE3[ = 2. 
Theorem 6. Let M(E) be a binary matroid which is 3-connected and 4-edge connected 
(e.g. 4-connected). Then M(E) is graphic iff it satisfies the base exchange properties 
(5)-(10). 
Proof. Let M(E) be any isthmus-free binary matroid which satisfies (5)-(10). By 
Lemmas 4 and 5 the family 6a(M) ___ 2 E then has the properties (i), (ii), (iii) stated at the 
beginning of Section 3. By Welsh's theorem [11, Theorem 10] M(E) must be graphic. 
Conversely, suppose that M(E) is graphic, i.e. the polygon matroid of some graph 
G = (V, E). By Lemma 1 M(E) satisfies (5), (6). By assumption G is in fact 3-connected 
and 4-edge connected, whence a special graph by Lemma 2. By Lemma 3, M(E) thus 
satisfies (7)-(10). [] 
It is conceivable that (5)-(10) are replaceable by somewhat neater base exchange 
properties of special pairs. 
Even a 2-connected binary matroid M on E may have several families A e ~ 2 e with 
(i)-(iii), yielding nonisomorphic representing graphs G(6Q. However, if a 3-connected 
binary matroid M admits such 6 e, then ~ is necessarily unique. This follows from the 
fact that a 3-connected graph is uniquely determined by its polygon matroid [14]. 
Consider, for instance, the 3-connected polygon matroid M of the graph G in Fig. 1. 
Although 6a:= {star(v)lv vertex of G} is a unique family satisfying (i)-(iii), it is 
properly contained in ha(M) (since S(B, x) • 6a(M) -- S~ for B := {b, c, d, e, x}. On the 
other hand, assume that M is a binary matroid with 6e(M) satisfying (i)-(iii). We 
conjecture that then 6e(M) is unique with (i)-(iii). Is the representing graph G(~(M)) 
necessarily special, or even 3-connected and 4-edge-connected? 
4. An approach not depending on connectivity assumptions 
We have seen that special pairs (B, x) behave nicely in sufficiently connected graphs 
and possibly some sporadic ones. It will turn out that 'locally special' is an interesting 
concept for arbitrary graphs. Generally, let M be a matroid on E. For Bt, B2 E ~u and 
x ~ B1, y E Bz, call (Bt, x) locally special for (B2, y) if Sym(x, Bt, B2) = {y}. For subsets 
A1 ~ Bt and Az ~ B2 the following notations will be convenient. Put At ~ Az if 
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(VU ~A2) there is an odd number of z ~A1 with z ~ (B2, u), and (¥u EA1) there is an 
odd number of z e A 2 with z ~ (Bx, u) ('each u e A 2 is 'oddly' replaceable by elements 
of A1 and vice versa'). Put A 2 "7 ~ A 1 if (Vu e A z)(Vz e A 1)u -~ (B 1, z)( 'no u e A 2 replaces 
any z e A 1'). Consider the following property of a matroid M. 
(11) Suppose that (Bl,x) is locally special for (B2, y) in M. Putting 
Ax:=R(y~B1) -{x}  and A2:= R(x ~ B2) -  {y} there is a partition Bl - {x} 
= S ~ T such that A'I ~ A'2 and A~ ~ A~ and A'2 ~ T and A'~ ~ S, for some partitions 
A1 = A'I ~ A'~ and A 2 ~ A 2 t.j A2" 
Observe that all partitions occurring in (11) are allowed to have an empty part. In 
particular, the conclusion of (11) holds if A1 ,-~ A 2 (set A'~ = A~ = T = 0). 
Lemma 7. The polygon matroid M on the edge set E of any graph G satisfies (11). 
Proof. Switching to 2-connected components, we may assume that G is 2-connected 
with spanning trees Bx and Bz. Removal of x = (a,b) from B1 induces a partition of 
the vertex set V of G into 'white' and 'black' vertices. Say a is white and b is black 
(Fig. 2). Similarly removing y = (c, d) from B2 induces a partition into 'blue' and 'red' 
vertices. Say c is blue and d is red (Fig. 3). Thus, each v ~ V carries two colors. F rom 
y ~ (B1, x) follows that y connects a white vertex with a black vertex in Fig. 2. Say c is 
white and d is black. Let Pl(a,c)~_ E and Pl(b,d)~_ E be the unique Bl-paths 
connecting a and c, respectively, b and d. Then A 1 = P1 (a, c) w P1 (b, d). In the same 
way x ~ (BE, y) implies that x connects a blue vertex e with a red vertex f in Fig. 3. 
Assume the unique B2-path Pz ~ E from c to e contains an edge z = (v, v') with v white 
and v' black. Then (BI, x)*-',(Bz, z) (z v~ y), contradicting the fact that (B1, x) is locally 
special for (B2,y). Thus, all vertices on P2 are white, in particular e = a. Set 
white  . 
Fig. 2. Fig. 3. 
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P2(a,c):= P2. By the same token all vertices on the unique B2-path P2(b,d) ~_ E from 
d to f=  b are black. One has A2 = P2(a,c)u P2(b,d). 
Now to the conclusion of (11). Let S and T be the edge sets of the 'white', 
respectively, 'black' component of Bt - {x}. 
Case 1: a -¢: c and b 4: d. Thus, neither of A'I := Pt (a, c), A'~ := Pt (b, d), A~ := P2(a, c), 
A~ := P2(b,d) are empty. Pick any u eA'~. Removal of u from Bt induces a partition 
V = V1 u V2 with (say) a e V1 and c e V2. Walking along A~ from a to ¢, one clearly 
encounters an odd number of edges z = (v, v') e A~ with v e V~ and v' e V2. Exactly for 
these z e A~ one has z ~ (B~, u). Similarly for each u e A~ there is an odd number of 
z ~ A'~ with z ~ (B2, u). This shows A'~ ~ A~. By the same token A'~ ~ A~. Let u e T. 
Removal of u from Bt yields a partition V = V~ w V2, where e.g. I/1 contains only 
black vertices. Each edge z e A~ connects two white vertices, whence z -/-, (Bt, u). In 
other words, A~ -/* T. Similarly A~ ~ S. 
Case 2: a=c and b#d.  Then Pt (a ,c )=P2(a ,c )=O,  so At=P i (b ,d )  and 
A2 = P2(b,d). As in case 1 one concludes At ~ A2 and A2 -p,S. 
Case 3: a # c and b = d. This yields A1 --, A2 and A2 ~ T. 
Case 4: a=candb=d.  Thenx=yandAt=A2=0.  [] 
Consider the following variation of (11): 
(12) Suppose that (Bt, x) is locally special for (B2, y) in M, but (Bt, x) is not globally 
special. Putting At  := R(y ~ Bt) - {x} and A2 := R(x -~ B2) - {y} there is a proper 
partition Bt - {x} = S ~ T (i.e. S, T v ~ O) such that A'I ~ A'2 and A~ ,,~ A~ and A'2 ~ T 
and A~ -~ S, for some partitions A1 = A'I ~ A~ and A 2 = A'2 w A'~. 
Corollary 8. The polygon matroid M on the edge set E of any graph G satisfies (12). 
Proof. Because (B1, x) is not globally special, x cannot be an endedge of Bt. Thus, 
both S and Tare nonempty. [] 
In the sequel we consider minors M0 of a given matroid M on E. Since the 
operations of deletion and contraction are transitive and commutative (see [12]), it 
suffices to consider minors Mo on Eo where Eo w {e} = E. If Mo is a submatroid and 
e not an isthmus of M, then ~Uo = {B e ~M [ B _~ Eo}. If e is an isthmus of M, then 
Mo is simultaneously a contraction minor. Generally, if Mo is any contraction, then 
• ~Uo = {B ~ Eo I (B + e) e ~'M}" We shall need the following observation, which is an 
immediate consequence of the definitions. 
(13) Let y e B ~ ~o and x e Eo. Then x --* (B, y) in Mo iff x ~ (B + e, y) in M. 
Lemma 9. Let M be a matroid on E which satisfies (11). Then each minor Mo of 
M satisfies (11) as well. 
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Proof. Let Mo be a minor of M on the set Eo, where E = Eo w {e}. Suppose that 
(Bl,x) is locally special for (B2,y) in Mo. Set Al :=R~o(y~BO-{x} and 
A2:= RMo(X ~ B2) -  {y}. Here (say) RMo(Y ~ BO denotes the set of all u EB1 such 
that B~-u+y is a base of the minor Mo. We have to find a partition 
B1 - {x} = S w T such that the conclusion of (11) holds in Mo. 
Case 1: Mo is a submatroid of M and e is not an isthmus of M. Then B1 and B2 are 
also bases of M, and obviously (B~, x) is locally special for (B2, y) in M. Furthermore, 
A~ = RM(y -" B1) -  {x} and A2 = RM(X --~ B2) - {y}. Since (11) holds in M, there is 
a partition B1 - {x} = S ~ T which does the job in M. Trivially, the same partition 
does the job in Mo. 
Case 2: Mo is a 
for (B 2 + e, y) in 
Sym(x, B1 + e, B 2 q- 
Put AI:= RM(y 
contraction of M. We claim that (B1 + e,x) is locally special 
M. Indeed, (13) together with e~(B l+e,x )  implies 
e) = {y}. (Note that x ~ (B2 + e, e) may well be possible in M.) 
(B1 + e)) - {x} and 42 := RM(X --* (B2 q- e)) -- {y}. Clearly, 
A~ ~ 4~ ~ A1 u {e} and A2 ~ A2 _~ A2 t3 {e}. Since (11) holds in M, there is a parti- 
tion (B1 + e) - x = Su  Tsuch that 4'1 ~ 4h and 4~ ,-~ 4'~ and 4~ -h 7~and ,']~ -~ gin 
M, for some decompositions ,41 = 4'1 u 4~ and 42 = 4~ w 4~. Putting S := g - e, 
T:= 7 ~ - e, as well as AI := A'i - e and A'i' := 41' - e (i = 1,2), we assert hat A'x ~ A~ 
and A'~ ~ A~ and A~ -~ Tand A~ 7~ S in Mo. For this purpose, let u eA'l. By 4'1 ~ 4~ 
^ 
there is an odd number ofz E A~ with z ~ (B~ + e, u) in M. Hence z # e and z ~ (BI, u) 
in Mo. Similarly, for each u e 4~ there is an odd number of z ~ 4'1 with z ~ (B2, u) in 
Mo. Thus A'~ ~ A~ in Mo. Analogously, A'~ ~ A~ in Mo. Pick u e A~ and z e T. From 
4~ -~ 7~ follows u +(Bx + e,z), whence by (13) u ~(B l ,  z) in Mo. This shows A~ -A T, 
and similarly A'~ -h S. [] 
By Lemmas 7 and 9 property (11) holds in all graphs, and carries over from any 
matroid to any minor. No other base exchange property of this type seems to be 
known. According to Tutte's famous theorem a binary matroid M is nongraphic iff it 
either contains as a minor the Fano matroid F7, or  its dual F*, or the cographic matroid 
K*, or the cographic matroid K~, 3. Unfortunately, property (11) does not characterize 
graphic matroids ince it holds in three of Tutte's forbidden minors. The variation (12) 
does better by failing in ~* i,-, ~,-, However, it does not carry over to minors. J7 ,~t '~5,~t~3,  3. 
For applications in invariant theory (cf. Introduction) it would also be nice to 
characterize regular matroids by base exchange properties. In view of Seymour's 
decomposition theory of regular matroids [9] it 'suffices' to find a property P such that 
(i) P holds in all graphic and cographic matroids. 
(ii) P holds in a certain ten element matroid R~o of [9]. 
(iii) P is inherited by 1-sums, 2-sums, 3-sums of type (i) or type (ii) matroids. 
(iv) P is inherited by arbitrary minors, 
(v) P does not hold in F 7 nor  F*. 
Section 4 of the present article might be a first step in this ambitious project. White 
[13-1, [7, p. 478,1 has conjectured that each regular matroid M(E) satisfies the following 
condition: 
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(P) For any bases B1, B 2 of M(E) there are x eB1 and y EB 2 such that (Bl,x) is 
locally special for (B2, y). 
Clearly, (P) holds for all graphic matroids (take x eB1 as an endedge and y EB 2 
arbitrary). If (P) holds for all regular matroids then this can be proven by verifying 
(i)-(iii) above. In any case, (P) does not characterize r gular matroids, since it is easily 
seen to hold in F7. 
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